Prove that in any triangle 4BC with r,R,s as inradius, circumradius
and semiperimeter, respectively, holds inequality

(1) s < 2R + (343 - 4)r (Blundon’s Inequality).
Solution by Arkady Alt, San Jose, California, USA.

— _ A ., ._ _ B ._ _ C
Letx := sfa = tan 5.,y := sfb = tan5-,z = ﬁ = tan .

Thenxy+yz+zx=l,x,y,z>oand2%:Zs;a -
W:%@rzs-xyzandx+y+z:Sfa+szb+sfc -
r((s—a)(s=b)+(s=b)(s—c)+(s—c)(s—a)) _ rlab+bc+ca—s*) _

(s—a)(s—b)(s—c) sr?
= r+S4R 4R =(x+y+z)s—r.
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Letp =x+y+2z ¢q :=xyz. Thenr =sqgand 4R = ps —r = s(p — ¢) and
inequality(1) becomes s < M +(3J3 -4)sq =
2<p-q+6/39-8¢ = 32-p)<9(2-3) =

2 (2V3+3)(2-p) <9q.

Since inequality (2) is obvious for p > 2 then suffices to prove it for p < 2.
Due to inequality (x +y +z)* > 3(xy + yz + zx) and Schure’s Inequality

S x(x—y)(x —z) > 0in the form 9xyz > 4(x +y +2)(xy +yz +2x) — (x +y +z)°
we have p > /3 and 9¢q > 4p — p>, respectively.

Thus, V3 < p <2andthen9g- (2/3 +3)(2-p) =
9g-4p+p*)+4p-p>— (243 +3)(2-p) =

g —4p+p*)+2-p)(2p+p* - (243 +3)) =

Og-4p+p*)+ Q2+p+3)2-p)(p-3) = 0.0




